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1. Introduction
(1) Course

Robust Control (Spring 2021)

(2) Objective
To obtain robust performance, in order to minimize the sprung mass (chassis)
acceleration and to ensure road-holding characteristics.

2. p Synthesis

(1) Structured Singular Value

M

Figure 1: System with structured uncertainty [4]

Definition 17.1 For any given matrix M € C"*", the structured singular value jip (M) is

defined as )

J\[ — .
Ha (M) min{o, . (A)|A e A, det(l — MA) =0}
tia (M) = 0 when there is no A € A satisfying det(I — MA) = 0.

(17.10)
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17.3.1.1 Single Scalar Block Uncertainty A = {6I|§ € C}

In this case, 15 (M) = p(M) holds. Here, p(M ) denotes the spectral radius of matrix A, that
is, the maximum absolute value of all eigenvalues of M.

Proof. First, det(l — M§) = det(6=*1 — M) det(51) = 0 holds. So any nonzero §~! sat-
isfying this equation is an eigenvalue of M. Then, it is easy to see that the reciprocal of the
minimum size of uncertainty § satisfying this equation is the spectral radius p(M) of matrix
M, that is,

M !
HalM) = min(|d] : det(/ — M) = 0)

(2) Robust Stability and Robust Performance

N YA

w " j\/’r z

Figure 2: NA-structure for robust performance analysis [4]

NS <« N (internally) stable

NP < 5'(j\rzz) = UAp < 1,, ‘v’w, and NS

RS <« MA (;‘T\-’Tll) < 1, ij and NS

RP & px(V) <1, Vw, A = % AO , and NS
P

Where NS means nominal stability; NP means nominal performance; RS means
robust stability; RP means robust performance.

(3) p synthesis and DK-iteration

max p(QN) < u(N) = infG(DND™1)
The above relationship shows u’s upper and lower bound. However, only the upper

bound is a convex problem. Therefore, we only need to find mKin(gl&_igllDN(K)D_llloo)-



(a) DK-iteration

1. K-step. Synthesize an H . controller for the scaled problem,

ming ||DN(K)D ™| with fixed D(s).

2. D-step. Find D(jw) to minimize at each frequency (DN D ~!(jw)) with fixed

N.

3. Fit the magnitude of each element of D(jw) to a stable and minimum phase

transfer function D(s) and go to Step 1.

3. Problem Statement

Figure 3: A Car

Cars are part of our lives. However, sometimes we don’t experience a comfortable ride.
Why? Does the problem result from passengers? Or is the problem caused by the

suspension system?

Xs

Xsr I ms,ls | ¢ | \6s
| Lr
ksr EEICSF @fsr ksf Csf @fsf
XurI_ | Mur | [ m;;f I_T.Xuf
Kur kuf
Wsr Wsf

Figure 4: A Half-Car Active Suspension System
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(1) Problem

(a) Uneven Road

Uneven Road

(b) Uncertainties in System Models

» Uncertainties exist in passenger models and suspension systems.
(2) Ride Comfort

> X, represents ride comfort of a vehicle.
(3) Suspension Deflection

> (X — Xur) represents the suspension deflection.
» (X, — Xy represents the suspension deflection.

(4) Purpose of This Project

» To design a stabilizing controller to control the actuators
» To improve both ride comfort and suspension deflections.

Xsr I

(5) Performance Specification

» The structured singular value p <1.
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4. System Structure

A Half-Car Active Suspension System
= Half-Car Model + Passenger Model + Hydraulic Actuator

Xsr 1 I ms, Is

IMAM
YWYl

P
[

= 2
l MM
€

These three sub-systems can be found in the paper [1], [2], and [3] for the half-car
model, passenger model, and hydraulic actuators, respectively.

(1) Half-Car Model

Xs
Xsr T ms, Is l f\es | szf

o EEICsr ®'fsr G Csf ®'f5f

Xur L Mur muf 4 Xuf

Wsr Wsf

Figure 5: Half Car 4-DOF Active Suspension Model

(a) Equations of Motion

m X, + e p(Xop — Xup) + ko (Xep —Xup) + o (X —Xop) + koo(Xep — X)) — fip — fir =0 (1)
L8, + Ly [cyp(Xp — X)) + kop(Xop — Xup) = for] = Ly [eor(Xep — X)) + koo (Xop — X)) — fir] = 0 2
Mup Xup = Cop(Xop = Xup) = kop(Xsp = Xup) + kup(Xug —wir) + f5p = 0 3)
m'w Xr — cor(Xer = X)) = koo (Xop = Xup) + ki (X — W) + fo = 0 )
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(b) Constraints

Xe= (LiXe + LX)/ L
es: (Xsf _Xsr)/L

(c) State-space Representation

» x=Ax+ Bu
» y=Cx+Du

Where x = [x:s‘f Xuf Xsr Xur Xsf Xuf Xsr xur]T ,and u = | Wsr Wer fsf fsr ]T

(2) Passenger Model

The passenger sitting in the car should also be modeled because there are uncertain

parameters in the passenger model.

Xsr 1| ms,ls |
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(a) Uncertain Biodynamics [2]

Head H
mH
RH—UJ' CH—l'.;'J'
Myr F 3
Upper torso Zur

UI LT

UJ LT

l.:l'
Lower torso
LJ’—

Thigh (pelvic) m

- e i
S Lk
£

Z
o
| Vehicle body }J

(b) Equations of Motion
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MmyZy =—ky_yr (':H = ur ) —Chyr (:'H = ur )

My Zyr = Ky _yr (:H = ur ) -kyr_ir (:UT =dr ) - kyr_y (‘:lﬂ' =3 )
+Ch_ur (:H —Zur )- Cur_ir (im‘ —Zir ) ~Curr (:-w -Ir )
my :?:LT = kUT—LT (ZUT — ) - kLT -7 (ZLT ~Zr )+ Cur-rr (iUT - iLT )
—Crror (ZLT -3r )
my Z}' = kUT—T (ZUT —Ir )'I' kLT—T (ZLT —Ir ) - kT—se (ZT —Ze )
*+Cyror (:w -2 )+ Crror (Z:LT -Zr ) ~Cr_ge (‘;-T - Z"se)
}nse‘.z.se = kT—se (ZT - Zse ) - kse (zse - Zp ) + CT—se (ZT - ise )

- e
Cse (".re “p )

(c) Relationship between the passenger and the half car

Xsr 1| ms,ls }

v

Lr

ko EEler ®'fsr .

Xur I_ Mur muf __I_ Xuf

Wsr Wsf

Zy = X5 + PO

(D)

2)

)

4

)

(6)
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(3) Hydraulic Actuators

Hydraulic
Actuator

Car Chassis

Chain
Low Pressure

Limne
Pump -
Motor
Output Angular
Displacment 8
—_——
High Pressure
Line
Wheel Assembly . |

Input Displacment X
Figure 6: Hydraulic Actuator Block Diagram [3]
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dx

Oil waft from the pump, qp = Kp at

Oil glide via the motor, q,, = K,, —

mdt

Leakage flow rate, q; = K;P

Compressibility flow rate, g, = KCE

The rate at which the oil flows from the pump is given by using the sum of the oil go
with the flow fee through the motor, the leakage fee and the compressibility flow rate:
Ay = qm T+ qi + q¢

Then, we have
dx do dP
K”E:K i —+ K,P+K.— <t
Jibril and other authors [3] simplify the equations as follows.
» Km=Kt=Kc
» Tm=TI
» Kc=0

Therefore, the transfer function is
o(s) _ K,

X(s) [kJ K*+KB
S+
K K

m m

5. Uncertainty Model

(1) Uncertainties in Hydraulic Actuators

1.08
0.005s+1

(a) nominal G,(s) = G,(s) =

(b) purturbed G,(s) = ;7 With multiplicative uncertainty, i =1, 2.

Ls

> G= G; (1+Wy;4;) , where [|4;]l, < 1.
» K;:uncertainty of 10%

» T; : uncertainty of 20%
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Approximation of the first actuator transfer function

'5 T T T T T T T T T L |
-10
-15
)
‘;_20-—----.253 :
'g eSS S S E #
.5_25_---155%5&%}’&”.
@ -
= gEZZiz
L= === E = = ="
P AP o - ~
S . - -~ - . ul
P ~ -~ - - N . .
A - _ 1- = — 1 (G1(jw) - G1nom(iw)) / G1nom(juw) |
R G T S e [ Wmiw) |
- —— T Trp——==========c==cF=52
102 10°

Frequency (rad/s)

Multiplicative uncertainty: G,(s)= G;(s)(1 + W,y;4,),

0.3803s + 60.8973
5+599.5829

where W,,; = ,i=1,2.

(2) Uncertainties in The Half Car

Xsrl ms,ls | t xsf
| Lr
= =
ksr = dﬂ §
§§ Csr fsr . §E Csf fsf
XurI_ Mur | muf I_I_ Xuf
= =
= kur = kuf
= =
Wsr17..ﬂ-\__‘___________:< Wsf

The uncertainties in the system include all dampers in the passenger model and all

parameters in two hydraulic actuators.
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Uncertain continuous-time state-space model with 3 outputs, 4 inputs, 22 states.

The model uncertainty consists of the following blocks:
C_H_UT: Uncertain real, nominal = 310, variability = [-15,15]%, 1 occurrences
C_LT_T: Uncertain real, nominal = 330, variability = [-15,15]%, 1 occurrences
C_T_se: Uncertain real, nominal = 2.48e+03, variability = ,15]%, 1 occurrences
C_UT_LT: Uncertain real, nominal = 200, variability = [-15,15]%, 1 occurrences
C_UT_T: Uncertain real, nominal = 909, variability = [-15,15]%, 1 occurrences

C_se: Uncertain real, nominal = 150, variability = [-15,15]%, 1 occurrences
Delta_act1: Uncertain 1x1 LTI, peak gain = 1, 1 occurrences

Delta_act2: Uncertain 1x1 LTI, peak gain = 1, 1 occurrences

K1: Uncertain real, nominal = 1.08, variability = [-10,10]%, 1 occurrences
K2: Uncertain real, nominal = 1.08, variability = [-10,10]%, 1 occurrences
T1: Uncertain real, nominal = 0.005, variability = [-20,20]%, 1 occurrences
T2: Uncertain real, nominal = 0.005, variability = [-20,20]%, 1 occurrences

6. Robust Control Design

Recall that the robust performance can be achieved if the structured singular value is
smaller than one.

(1) Block Diagram

08) = :
0 W= e

k : P
wh '%Wmadz:gv —\ﬁ&\)j— ke
[, Zsff Zyf i
Eeiellant | =T ST s e
u;wjj—} Zor—2ur g ?
o e
Spe2 ol Y ,
Uy \\——J\ﬂ \()f :/ 25{"2\)%
E L &r—2ur

B [l

(2) Plant P

Plant P = A Half-Car Active Suspension System
= Half-Car Model + Passenger Model + Hydraulic Actuator
State-Space representation of P:

x = Ax + Bu
y=Cx+ Du
Where u” = [wss, Wer , fsr o+ for |

yT = [(xsf - xuf) » (Xsr — Xur), Zy)

and x" = [x;f x'l.lf x.sr xl.lT Xsf Xuf Xsr Xur Zy ZUT Zyr Zr Zse ZH ZiIT Z'LT ZT Z:se]
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(3) Linear Fractional Transformation (LFT)

A <
uA Y
w - P z
—_— —
U 1
K |«

A\

>  Theinputof Ki v7 = [(xsr — xus) , (osr — Xur)]

(4) Weighting Selection

0.72s

Wi(s) = 5756+ 5200

(band-pass filter)

(5) p Synthesis

D-K ITERATION SUMMARY:

KStep PeakMU  DFit
2.46 0.301 0.3036
0.3036 0.301 0.3026
3 0.3026 0.301 0.3024

Best achieved robust performance: 0.301

The structured singular value p =0.301 < 1.

Therefore, the robust performance is achieved in my robust control design.

Performance output: z7 = [%;, Zy, (xsp — xuf) » (Xsr — xur) ]
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(6) Results

road bumper influencing the front wheel

=
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= time (s)

7. Conclusion

(1) This project establishes a robust feedback control synthesis for a class of half-car
suspension systems considering a 4-DOF passenger’'s biodynamics with
parametric uncertainties.

(2) The robust performance can be achieved through the design of y synthesis, and
both ride comfort and suspension deflections of the car are improved.
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