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Structured Singular Value

M

Figure 17.4 System with structured uncertainty

Definition 17.1 For any given matrix M € C"*", the structured singular value jia (M) is

defined as |

Ha (M) min{o, .. (A)|A e A, det(I — MA) =0}
ta (M) = 0 when there is no A € A satisfying det(I — MA) = 0.

(17.10)



Structured Singular Value

M

Figure 17.4 System with structured uncertainty

17.3.1.1 Single Scalar Block Uncertainty A = {41 |d € C}

In this case, j1p (M) = p(M) holds. Here, p( M ) denotes the spectral radius of matrix M, that
1s, the maximum absolute value of all eigenvalues of M.

Proof. First, det(I — M§) = det(6—11 — M) det(5I) = 0 holds. So any nonzero 6! sat-
1sfying this equation is an eigenvalue of M. Then, it is easy to see that the reciprocal of the
minimum size of uncertainty ¢ satisfying this equation is the spectral radius p(M ) of matrix
M., that is,

M !
Ha(M) = min([d] : det(I — Mo) = 0)




oust Stability and
oust Performance

NS
NP
RS

r ¢ ¢ ¢

RP

px(N) <1, Vw, A =

A
UA YA
w N 2
—_— EEEEEE—

Figure 8.2: N A-structure for robust performance analysis

N (internally) stable
5’(4‘7\?22) = UAp < 1,, \?’w? and NS
pua(Nip) < 1, Yw, and NS

~ A0
0 Ap

} , and NS



L synthesis and DK-iteration

> max p(QN) = u(N) = infa(DND™1)

in(min ||DN(K)D™!
- (g IPNUOD )



DK-I1teration

1. K-step. Synthesize an # ., controller for the scaled problem,
ming |[DN(K)D ™|~ with fixed D(s).

2. D-step. Find D(jw) to minimize at each frequency 5(DND ~!(jw)) with fixed
N.

3. Fit the magnitude of each element of D(jw) to a stable and mimimum phase
transfer function D(s) and go to Step 1.



Problem Statement

Ride Comfort and Suspension Deflection




Quantification

Xsr$ | ms, s Y | \Os I xsf

A
—
-

\

A
—

—h

N

i —__|Csr @fsr Ksf é — | Csf @'fsf

XurL Mur muf _T_ Xuf

Kur Kuf
Wsr T Wsf

p——
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Quantification

> Ride Comfort and Suspension Deflection?
Xs,

Xsr I ms, Is Y | \Bs TXsf
< Lr > |« Lf >
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Quantification

> |n general,

X, represents ride comfort of a vehicle.
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Quantification

> (Xsf — Xuf) represents the suspension deflection.

» (X4 — X,-) represents the suspension deflection.

Xs

Xsr 1 ms, Is ¥ | \Ss TXsf
< Lr » |« Lf >
ksr% Csr ®~fsr Kot % | Gsf ®,f5f
Xur1_ Mur muf 4 Xuf
Kur Kuf
Wsr T Wsf

l—
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System Structure

Suspension System + Passenger Model + Hydraulic System




Overall Structure

A Half-Car Active Suspension System
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Overall Structure
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Overall Structure
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Overall Structure (2) Passenger
Model
Xs, - N
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Half-Car Model
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Fig. 1. Half car 4 DOF active suspension model



Half-Car Model
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Half-Car Model
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Fig. 1. Half car 4 DOF active suspension model
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Half-Car Model

> Equations of motion

m, X, + csf(}fsf — )ﬁ'uf) + ksf(}.’sf —Xuf) + cg (Xop — X)) + ko (X, — X

Is és + Lf [Csf(‘?sf T ;.‘}uf) + ksf(Xsf T Xuf) _fsf] T L’.I‘" [Csr(‘;i’sr _Xu'.r) + kS?‘(XST

Mug Xup = Csp(Xsp = Kup) = Ksp(Xop = Xug) + Kup(Xug —Wsp) + f5r =0
My “';'}tw — Csy (Xsr T Xu?) T -‘!‘Esr (Xsr T Xur) + kur (Xu? o Ws*.r') + f:s'.r' =0

> Constraints

X, = (LiXs + L X5 )/ L
95 — (Xsf _Xsr)/‘{‘

Xsr 1| ms,Is | Y [ N\6s | T xsf
< Lr « Lf 1
k ]
sr§ I%Csr ®’fsr & f$ []C f®'f5f
XurI_ —_ muf 1 Xut
k kuf
Wsr Wsf

Fig. 1. Half car 4 DOF active suspension model

wr) o fsf o ]‘;r =0 (1)
o pr) o fsr] =0 (2)
(3)

(4)



Half-Car Model § $g | § I
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Fig. 1. Half car 4 DOF active suspension model
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Passenger Model o

> Uncertain Biodynamics
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Passenger Model

> Equations of motion

MyZy ==Ky _yr (:H — Jyr ) —Chy_ur (:H —{ur ) (1)

MyrZur = Ky _ur ('*-H = Jur )_ Kyr_ix (:UT = o )_ Kur_r (:UT =i )

+( (

UT =T (jrfr -7 ) (2)

H-UT (:H = Jyr )_ Cur—rr (:UT =3I )_

Myplir = kU]’ -LT (ZUT —ir ) - kLT—T (‘vu <1 )+ Cyr-r1 ("U]’ <L )
—Crror (Z:LT - Z:T ) (3)
My 2y = Kyp 4 (ZUT < )+ Kiroa (‘vu <1 ) —kp_y, (‘v? - Z?e’)
+Curr Z.'UT - 27' ) +Coror (Z:LT' - Z:T ) —Cr_ge (ZT - Z’ce ) (4)

-z |
—c, (2.-2,) (5)
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Passenger Model
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Passenger Model
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Hydraulic Actuator

Car Chassis

Low Pressure
Line

—_—-
High Pressure
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Motor
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Output Angular
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Wheel Assembly

TIn;:aut Displacment X

Figure 2: Hydraulic actuator block diagram
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Hydraulic Actuator

] ., dx [
> O|| Waft from the pu mp’ dq p K p E Figure 2: Hydraulic actuator block diagram
. . . dé
> Oil glide via the motor,  4.=%.—
. Leakage flow rate, ¢ =87
dﬁ

> Compressibility flow rate, «.=£—

30



Hydraulic Actuator

] ., dx [
> O|| Waft from the pump’ qp =K p E Figure 2: Hydraulic actuator block diagram
. . . dé
> Oil glide via the motor,  4.=k,—
- Leakage flow rate, 4 =KF
el of- . dp
> Compressibility flow rate, «.=£—
dx do dP
q,=q,+tq +q. = K —=K, —+KP+K —
dt dt dt
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Hydraulic Actuator

> ASS um pt 10NS: Figure 2: Hydraulic actuator block diagram
» Km=Kt=Kc
» Tm=TI
» Kc=0
6 ( S) K
. _ 4
>  Transfer function == > =
X(s) |KJ K.+K.B
——s5+
N K m K m _
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Hydraulic Actuator

: 1.08 [
> n O m I n a I G 1 (S) — O O O 5 S + 1 Figure 2: Hydraulic actuator block diagram
Kq

> purturbed G{(s) = with multiplicative uncertainty

T]_S+1
> G1=G; (1+ WpyAy), where [|Ale, < 1.
» Kj:uncertainty of 10%

> T;:uncertainty of 20%
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Results

From modeling to u -synthesis design




(2) Passenger
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State-Space

> Plant P
» x = Ax + Bu
» y=Cx+ Du
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State-Space

» X =Ax + Bu
» y=Cx+ Du

uT — [WSf/WSTIforf:S‘T]

yT = | (xsf — xuf) , (Xsr — Xyur), Zy]
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> Include 5 parts
» Change output vector v

UA yn
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State-Space )
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]

Uncertainties Ll

g

Uncertain continuous-time state-space model with 3 outputs, 4 inputs, 22 states.

The model uncertainty consists of the following blocks:
C_H_UT: Uncertain real, nominal = 310, variability = [-15,15]%, 1 occurrences
C_LT_T: Uncertain real, nominal = 330, variability = [-15,15]%, 1 occurrences
C_T_se: Uncertain real, nominal = 2.48e+03, variability = [-15,15]%, 1 occurrences
C_UT_LT: Uncertain real, nominal = 200, variability = [-15,15]%, 1 occurrences
C_UT _T: Uncertain real, nominal = 909, variability = [-15,15]%, 1 occurrences

C_se: Uncertain real, nominal = 150, variability = [-15,15]%, 1 occurrences
Delta_act1: Uncertain 1x1 LTI, peak gain = 1, 1 occurrences

Delta_act2: Uncertain 1x1 LTI, peak gain = 1, 1 occurrences

K1: Uncertain real, nominal = 1.08, variability = [-10,10]%, 1 occurrences
K2: Uncertain real, nominal = 1.08, variability = [-10,10]%, 1 occurrences
T1: Uncertain real, nominal = 0.005, variability = [-20,20]%, 1 occurrences
T2: Uncertain real, nominal = 0.005, variability = [-20,20]%, 1 occurrences
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Uncerts Dampers m the Passenger Model 3 outputs, 4 inputs, 22 states.
The mof ks

C H_UT: Uncertain real nommal 310, Varlablll’[y’ [-15,15]%, 1 occurrences
C_LT_T Uncertain real, nominal = 330, variability = [-15,15]%, 1 occurrences
C_T_se: Uncertain real, nominal = 2.48e+03, variability = [-15,15]%, 1 occurrences
C_UT_LT: Uncertain real, nominal = 200, variability = [-15,15]%, 1 occurrences
C_UT _T: Uncertain real, nominal = 909, variability = [-15,15]%, 1 occurrences
f'"‘_ co | Inrartain rnnl nnminal = 1Rﬂ Unrmhlllhf = r_'“-'\ 1‘-'\10.-"“_ 1 nerurranrac
Uelta act1 Uncertain Tx1 L |1, peak gain = 1, T occurrences

Delta_act2: Uncertain 1x1 LTI, peak gain = 1_ 1 occurrences

K1: Uncertain real, nominal = 1.08, variability = [-10,10]%, 1 occurrences

K2: Uncertain real, nominal = 1.08, variability = [-10,10]%, 1 occurrences

T1: Uncertain real, nominal = 0.005, variability = [-20,20]%, 1 occurrences

T2: Uncertain real, nominal = 0.005, variability = [-20,20]%, 1 occurrences

Uncertainties in Two Hydraulic Actuators




U synthesis — Part 1

w 1 p [
> Robust Performance

D-K ITERATION SUMMARY:

lter K Step Peak MU D Fit
1 246  0.2235 0.2278
2 0.2278 02256  0.2279
3 0.2279 02256  0.2278

Best achieved robust performance: 0.223
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L synthesis — Part 1

From wg
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(xSf - xuf)

(xsr — xur)

L synthesis — Part 1
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W synthesis — Part 2

zl = [ (xsf — xuf) ’ (xsr o xu‘r) ]
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L synthesis — Part 2

Robust Performance

D-K ITERATION SUMMARY:

KStep PeakMU  DFit
246 02235 0.2278
02278 0.2256  0.2279
0.2279 0.2256 0.2278

Best achieved robust performance: 0.223




L synthesis — Part 2
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L synthesis — Part 2

= o1 road bumper influencing the front wheel
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L synthesis — Part 3

lter K Step Peak MU D Fit

1 246 02235  0.2277 40
2 02277 02256 02277
3 0.2277 0.2256  0.2278 50

|® V.

Best achieved robust performance: 0.223
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(xSf - xuf)

(xsr - xur)

L synthesis — Part 3
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: (xsf — xuf) , (Xsr — Xyp ), X, ZH ]

X5, Zy ]




L synthesis — Part 4

lter K Step Peak MU D Fit
1 26.1 25.8 26.04

2 26.04 25.8 26.09

3 26.09 25.8 26.09

Best achieved robust performancz: 25.8
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0.72s

W+(s) =
1(5) s2 + 7.2s + 5200

(band-pass filter)
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LL synthesis — Best Case

zl = B :ZH ) (ng — xu,f) ’ (xsr — xur) ]

UT = [(xsf — xuf) ’ (xsr o xu‘r)]
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D-K ITERATION SUMMARY:

KStep  Peak MU D Fit

2.46 0.301 0.3036 66
0.3036 0.301 0.3026 62
0.3026 0.301 0.3024 62

Best achieved robust performance: 0.301

[xs 'ZH ) (xsf o xuf) ’ (xsr o xur) ]

[(xsf o xuf) ’ (xsr o xur)]
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Conclusion

> achieves robust performance

> improves ride comfort

> improves suspension deflections
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Lit] Conclusion
hr =

> This project establishes a robust feedback control synthesis
for a class of half-car suspension systems considering a 4-
DOF passenger’s biodynamics with parametric

uncertainties.
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