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μ -synthesis 
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Structured Singular Value
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Structured Singular Value
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Robust Stability and 
Robust Performance
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μ synthesis and DK-iteration

▹ max𝜌 𝑄𝑁 ≦ 𝜇(𝑁) ≦ inf ത𝜎(𝐷𝑁𝐷−1)

▹
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DK-iteration
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Problem Statement

Ride Comfort and Suspension Deflection
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Quantification

10 A Half-Car Active Suspension System



Quantification

▹ Ride Comfort and Suspension Deflection?

11 A Half-Car Active Suspension System



Quantification

▹ In general, 

ሷXs represents ride comfort of a vehicle. 
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Quantification

▹ X𝑠𝑓 − X𝑢𝑓 represents the suspension deflection. 

▹ X𝑠𝑟 − X𝑢𝑟 represents the suspension deflection.
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System Structure

Suspension System + Passenger Model + Hydraulic System
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Overall Structure
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A Half-Car Active Suspension System



Overall Structure
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𝑃𝑥

Passenger Model



Overall Structure
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Hydraulic 
Actuator



Overall Structure
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(2) Passenger 
Model

(3) Hydraulic 
Actuator

(1) Half-Car
Model



Half-Car Model
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Half-Car Model

20 Uneven Road



Half-Car Model
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Active Suspension



Half-Car Model

▹ Equations of motion

▹ Constraints
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(2)



Half-Car Model

▹ ሶ𝑥 = 𝐴𝑥 + 𝐵𝑢

▹ 𝑦 = 𝐶𝑥 + 𝐷𝑢

23

𝑢 = [ 𝑤𝑠𝑓 𝑤𝑠𝑟 𝑓𝑠𝑓 𝑓𝑠𝑟 ]𝑇



Passenger Model
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Passenger Model

▹ Uncertain Biodynamics
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Passenger Model

▹ Equations of motion

26

(1)

(2)

(3)

(4)

(5)

(1)

(2)

(3)

(4)

(5)



Passenger Model
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Passenger Model

28

𝑧𝑝 = 𝑥𝑠 + 𝑃𝑥 𝜃𝑠



Hydraulic Actuator
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Hydraulic Actuator

▹ Oil waft from the pump,

▹ Oil glide via the motor,

▹ Leakage flow rate,

▹ Compressibility flow rate,
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Hydraulic Actuator

▹ Oil waft from the pump,

▹ Oil glide via the motor,

▹ Leakage flow rate,

▹ Compressibility flow rate,
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⇒



Hydraulic Actuator

▹ Assumptions:

▸ Km = Kt = Kc

▸ Tm = Tl

▸ Kc = 0

▹ Transfer function
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Hydraulic Actuator

▹ nominal 𝐺1 𝑠 =
1.08

0.005𝑠+1

▹ purturbed ෫𝐺1 𝑠 =
𝐾1

𝑇1𝑠+1
with multiplicative uncertainty

▸ ෪𝐺1= 𝐺1 (1 +𝑊𝑚1Δ1) ,  where Δ1 ∞ < 1.

▸ 𝐾1: uncertainty of 10%

▸ 𝑇1: uncertainty of 20%
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Hydraulic Actuator
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Hydraulic Actuator

35

𝑊𝑚1 =
0.3803s + 60.8973

𝑠 + 599.5829



Hydraulic Actuator
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෫𝐺1 𝑠 = 𝐺1 𝑠 (1 +𝑊𝑚1Δ1)

𝑊𝑚1 =
0.3803s + 60.8973

𝑠 + 599.5829



Results

From modeling to μ -synthesis design
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Overall Structure
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(2) Passenger 
Model

(3) Hydraulic 
Actuator

(1) Half-Car
Model



State-Space

▹ Plant P

▸ ሶ𝑥 = 𝐴𝑥 + 𝐵𝑢

▸ 𝑦 = 𝐶𝑥 + 𝐷𝑢
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State-Space

▸ ሶ𝑥 = 𝐴𝑥 + 𝐵𝑢

▸ 𝑦 = 𝐶𝑥 + 𝐷𝑢
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𝑥 =

𝑢𝑇 = [ 𝑤𝑠𝑓, 𝑤𝑠𝑟 , 𝑓𝑠𝑓 , 𝑓𝑠𝑟 ]

𝑦𝑇 = [ 𝑥𝑠𝑓 − 𝑥𝑢𝑓 , 𝑥𝑠𝑟 − 𝑥𝑢𝑟 , ሷ𝑧𝐻]



State-Space

▸ ሶ𝑥 = 𝐴𝑥 + 𝐵𝑢

▸ 𝑦 = 𝐶𝑥 + 𝐷𝑢
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𝑢𝑇 = [ 𝑤𝑠𝑓, 𝑤𝑠𝑟 , 𝑓𝑠𝑓 , 𝑓𝑠𝑟 ]

𝑦𝑇 = [ 𝑥𝑠𝑓 − 𝑥𝑢𝑓 , 𝑥𝑠𝑟 − 𝑥𝑢𝑟 , ሷ𝑧𝐻]



▹ Include 5 parts
▸ Change output vector v
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State-Space

▸ ሶ𝑥 = 𝐴𝑥 + 𝐵𝑢

▸ 𝑦 = 𝐶𝑥 + 𝐷𝑢
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𝑥 =

𝑢𝑇 = [ 𝑤𝑠𝑓, 𝑤𝑠𝑟 , 𝑓𝑠𝑓 , 𝑓𝑠𝑟 ]

𝑦𝑇 = [ 𝑥𝑠𝑓 − 𝑥𝑢𝑓 , 𝑥𝑠𝑟 − 𝑥𝑢𝑟 , ሷ𝑧𝐻]

𝑧𝑇 = [ 𝑥𝑠𝑓 − 𝑥𝑢𝑓 , 𝑥𝑠𝑟 − 𝑥𝑢𝑟 ]

𝑣𝑇 = [ ሷ𝑧𝐻 ]

Plant P



Uncertainties
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Uncertainties
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Dampers in the Passenger Model

Uncertainties in Two Hydraulic Actuators



μ synthesis – Part 1

▹ Robust Performance
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μ synthesis – Part 1
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From 𝑤𝑠𝑓 From 𝑤𝑠𝑟

To 𝑥𝑠𝑓 − 𝑥𝑢𝑓

To 𝑥𝑠𝑟 − 𝑥𝑢𝑟



μ synthesis – Part 1
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𝑥𝑠𝑓 − 𝑥𝑢𝑓

𝑥𝑠𝑟 − 𝑥𝑢𝑟



μ synthesis – Part 2
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𝑧𝑇 = [ 𝑥𝑠𝑓 − 𝑥𝑢𝑓 , 𝑥𝑠𝑟 − 𝑥𝑢𝑟 ]

𝑣𝑇 = [ ሷ𝑥𝑠 ]



μ synthesis – Part 2

▹ Robust Performance

50

𝑧𝑇 = [ 𝑥𝑠𝑓 − 𝑥𝑢𝑓 , 𝑥𝑠𝑟 − 𝑥𝑢𝑟 ]

𝑣𝑇 = [ ሷ𝑥𝑠 ]



μ synthesis – Part 2
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From 𝑤𝑠𝑓 From 𝑤𝑠𝑟

To 𝑥𝑠𝑓 − 𝑥𝑢𝑓

To 𝑥𝑠𝑟 − 𝑥𝑢𝑟



μ synthesis – Part 2
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𝑥𝑠𝑓 − 𝑥𝑢𝑓

𝑥𝑠𝑟 − 𝑥𝑢𝑟



μ synthesis – Part 3
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𝑧𝑇 = [ 𝑥𝑠𝑓 − 𝑥𝑢𝑓 , 𝑥𝑠𝑟 − 𝑥𝑢𝑟 ]

𝑣𝑇 = [ ሷ𝑥𝑠 , ሷ𝑍𝐻 ]



μ synthesis – Part 3
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𝑧𝑇 = [ 𝑥𝑠𝑓 − 𝑥𝑢𝑓 , 𝑥𝑠𝑟 − 𝑥𝑢𝑟 ]

𝑣𝑇 = [ ሷ𝑥𝑠 , ሷ𝑍𝐻 ]

order



μ synthesis – Part 3
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From 𝑤𝑠𝑓 From 𝑤𝑠𝑟

To 𝑥𝑠𝑓 − 𝑥𝑢𝑓

To 𝑥𝑠𝑟 − 𝑥𝑢𝑟



μ synthesis – Part 3
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𝑥𝑠𝑓 − 𝑥𝑢𝑓

𝑥𝑠𝑟 − 𝑥𝑢𝑟



μ synthesis – Part 4
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𝑧𝑇 = [ 𝑥𝑠𝑓 − 𝑥𝑢𝑓 , 𝑥𝑠𝑟 − 𝑥𝑢𝑟 , ሷ𝑥𝑠 , ሷ𝑍𝐻 ]

𝑣𝑇 = [ ሷ𝑥𝑠 , ሷ𝑍𝐻 ]



μ synthesis – Part 4
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𝑧𝑇 = [ 𝑥𝑠𝑓 − 𝑥𝑢𝑓 , 𝑥𝑠𝑟 − 𝑥𝑢𝑟 , ሷ𝑥𝑠 , ሷ𝑍𝐻 ]

𝑣𝑇 = [ ሷ𝑥𝑠 , ሷ𝑍𝐻 ]



μ synthesis – Part 4
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ሷ𝑥𝑠

ሷ𝑧𝐻



μ synthesis – Part 4 (samples = 100)
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𝑥𝑠𝑓 − 𝑥𝑢𝑓

𝑥𝑠𝑟 − 𝑥𝑢𝑟

ሷ𝑥𝑠

ሷ𝑍𝐻



μ synthesis – Best Case
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𝑊1 𝑠 =
0.72𝑠

𝑠2 + 7.2s + 5200

(band-pass filter)



μ synthesis – Best Case
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𝑧𝑇 = [ ሷ𝑥𝑠 , ሷ𝑍𝐻 , 𝑥𝑠𝑓 − 𝑥𝑢𝑓 , 𝑥𝑠𝑟 − 𝑥𝑢𝑟 ]

𝑣𝑇 = [ 𝑥𝑠𝑓 − 𝑥𝑢𝑓 , 𝑥𝑠𝑟 − 𝑥𝑢𝑟 ]



μ synthesis – Best Case
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𝑧𝑇 = [ ሷ𝑥𝑠 , ሷ𝑍𝐻 , 𝑥𝑠𝑓 − 𝑥𝑢𝑓 , 𝑥𝑠𝑟 − 𝑥𝑢𝑟 ]

𝑣𝑇 = [ 𝑥𝑠𝑓 − 𝑥𝑢𝑓 , 𝑥𝑠𝑟 − 𝑥𝑢𝑟 ]



μ synthesis – Best Case
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𝑥𝑠𝑟 − 𝑥𝑢𝑟

ሷ𝑥𝑠

ሷ𝑍𝐻

𝑥𝑠𝑓 − 𝑥𝑢𝑓



Conclusion

▹ achieves robust performance

▹ improves ride comfort

▹ improves suspension deflections
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Conclusion

▹ This project establishes a robust feedback control synthesis 

for a class of half-car suspension systems considering a 4-

DOF passenger’s biodynamics with parametric 

uncertainties. 
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Thanks for listening
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